
11
Sampling
Methods

For most probabilistic models of practical interest, exact inference is intractable, and
so we have to resort to some form of approximation. In Chapter 10, we discussed
inference algorithms based on deterministic approximations, which include methods
such as variational Bayes and expectation propagation. Here we consider approxi-
mate inference methods based on numerical sampling, also known as Monte Carlo
techniques.

Although for some applications the posterior distribution over unobserved vari-
ables will be of direct interest in itself, for most situations the posterior distribution
is required primarily for the purpose of evaluating expectations, for example in order
to make predictions. The fundamental problem that we therefore wish to address in
this chapter involves finding the expectation of some function f(z) with respect to a
probability distribution p(z). Here, the components of z might comprise discrete or
continuous variables or some combination of the two. Thus in the case of continuous
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Figure 11.1 Schematic illustration of a function f(z)
whose expectation is to be evaluated with
respect to a distribution p(z).

p(z) f(z)

z

variables, we wish to evaluate the expectation

E[f ] =
∫

f(z)p(z) dz (11.1)

where the integral is replaced by summation in the case of discrete variables. This
is illustrated schematically for a single continuous variable in Figure 11.1. We shall
suppose that such expectations are too complex to be evaluated exactly using analyt-
ical techniques.

The general idea behind sampling methods is to obtain a set of samples z(l)

(where l = 1, . . . , L) drawn independently from the distribution p(z). This allows
the expectation (11.1) to be approximated by a finite sum

f̂ =
1
L

L∑
l=1

f(z(l)). (11.2)

As long as the samples z(l) are drawn from the distribution p(z), then E[f̂ ] = E[f ]
and so the estimator f̂ has the correct mean. The variance of the estimator is given
byExercise 11.1

var[f̂ ] =
1
L

E
[
(f − E[f ])2

]
(11.3)

is the variance of the function f(z) under the distribution p(z). It is worth emphasiz-
ing that the accuracy of the estimator therefore does not depend on the dimension-
ality of z, and that, in principle, high accuracy may be achievable with a relatively
small number of samples z(l). In practice, ten or twenty independent samples may
suffice to estimate an expectation to sufficient accuracy.

The problem, however, is that the samples {z(l)} might not be independent, and
so the effective sample size might be much smaller than the apparent sample size.
Also, referring back to Figure 11.1, we note that if f(z) is small in regions where
p(z) is large, and vice versa, then the expectation may be dominated by regions
of small probability, implying that relatively large sample sizes will be required to
achieve sufficient accuracy.

For many models, the joint distribution p(z) is conveniently specified in terms
of a graphical model. In the case of a directed graph with no observed variables, it is
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straightforward to sample from the joint distribution (assuming that it is possible to
sample from the conditional distributions at each node) using the following ances-
tral sampling approach, discussed briefly in Section 8.1.2. The joint distribution is
specified by

p(z) =
M∏
i=1

p(zi|pai) (11.4)

where zi are the set of variables associated with node i, and pai denotes the set of
variables associated with the parents of node i. To obtain a sample from the joint
distribution, we make one pass through the set of variables in the order z1, . . . , zM

sampling from the conditional distributions p(zi|pai). This is always possible be-
cause at each step all of the parent values will have been instantiated. After one pass
through the graph, we will have obtained a sample from the joint distribution.

Now consider the case of a directed graph in which some of the nodes are in-
stantiated with observed values. We can in principle extend the above procedure, at
least in the case of nodes representing discrete variables, to give the following logic
sampling approach (Henrion, 1988), which can be seen as a special case of impor-
tance sampling discussed in Section 11.1.4. At each step, when a sampled value is
obtained for a variable zi whose value is observed, the sampled value is compared
to the observed value, and if they agree then the sample value is retained and the al-
gorithm proceeds to the next variable in turn. However, if the sampled value and the
observed value disagree, then the whole sample so far is discarded and the algorithm
starts again with the first node in the graph. This algorithm samples correctly from
the posterior distribution because it corresponds simply to drawing samples from the
joint distribution of hidden variables and data variables and then discarding those
samples that disagree with the observed data (with the slight saving of not continu-
ing with the sampling from the joint distribution as soon as one contradictory value is
observed). However, the overall probability of accepting a sample from the posterior
decreases rapidly as the number of observed variables increases and as the number
of states that those variables can take increases, and so this approach is rarely used
in practice.

In the case of probability distributions defined by an undirected graph, there is
no one-pass sampling strategy that will sample even from the prior distribution with
no observed variables. Instead, computationally more expensive techniques must be
employed, such as Gibbs sampling, which is discussed in Section 11.3.

As well as sampling from conditional distributions, we may also require samples
from a marginal distribution. If we already have a strategy for sampling from a joint
distribution p(u,v), then it is straightforward to obtain samples from the marginal
distribution p(u) simply by ignoring the values for v in each sample.

There are numerous texts dealing with Monte Carlo methods. Those of partic-
ular interest from the statistical inference perspective include Chen et al. (2001),
Gamerman (1997), Gilks et al. (1996), Liu (2001), Neal (1996), and Robert and
Casella (1999). Also there are review articles by Besag et al. (1995), Brooks (1998),
Diaconis and Saloff-Coste (1998), Jerrum and Sinclair (1996), Neal (1993), Tierney
(1994), and Andrieu et al. (2003) that provide additional information on sampling
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methods for statistical inference.
Diagnostic tests for convergence of Markov chain Monte Carlo algorithms are

summarized in Robert and Casella (1999), and some practical guidance on the use of
sampling methods in the context of machine learning is given in Bishop and Nabney
(2008).

11.1. Basic Sampling Algorithms

In this section, we consider some simple strategies for generating random samples
from a given distribution. Because the samples will be generated by a computer
algorithm they will in fact be pseudo-random numbers, that is, they will be deter-
ministically calculated, but must nevertheless pass appropriate tests for randomness.
Generating such numbers raises several subtleties (Press et al., 1992) that lie outside
the scope of this book. Here we shall assume that an algorithm has been provided
that generates pseudo-random numbers distributed uniformly over (0, 1), and indeed
most software environments have such a facility built in.

11.1.1 Standard distributions
We first consider how to generate random numbers from simple nonuniform dis-

tributions, assuming that we already have available a source of uniformly distributed
random numbers. Suppose that z is uniformly distributed over the interval (0, 1),
and that we transform the values of z using some function f(·) so that y = f(z).
The distribution of y will be governed by

p(y) = p(z)
∣∣∣∣dz

dy

∣∣∣∣ (11.5)

where, in this case, p(z) = 1. Our goal is to choose the function f(z) such that the
resulting values of y have some specific desired distribution p(y). Integrating (11.5)
we obtain

z = h(y) ≡
∫ y

−∞
p(ŷ) dŷ (11.6)

which is the indefinite integral of p(y). Thus, y = h−1(z), and so we have toExercise 11.2
transform the uniformly distributed random numbers using a function which is the
inverse of the indefinite integral of the desired distribution. This is illustrated in
Figure 11.2.

Consider for example the exponential distribution

p(y) = λ exp(−λy) (11.7)

where 0 � y < ∞. In this case the lower limit of the integral in (11.6) is 0, and so
h(y) = 1 − exp(−λy). Thus, if we transform our uniformly distributed variable z
using y = −λ−1 ln(1 − z), then y will have an exponential distribution.



11.1. Basic Sampling Algorithms 527

Figure 11.2 Geometrical interpretation of the trans-
formation method for generating nonuni-
formly distributed random numbers. h(y)
is the indefinite integral of the desired dis-
tribution p(y). If a uniformly distributed
random variable z is transformed using
y = h−1(z), then y will be distributed ac-
cording to p(y). p(y)

h(y)

y0

1

Another example of a distribution to which the transformation method can be
applied is given by the Cauchy distribution

p(y) =
1
π

1
1 + y2

. (11.8)

In this case, the inverse of the indefinite integral can be expressed in terms of the
‘tan’ function.Exercise 11.3

The generalization to multiple variables is straightforward and involves the Ja-
cobian of the change of variables, so that

p(y1, . . . , yM ) = p(z1, . . . , zM )
∣∣∣∣∂(z1, . . . , zM )
∂(y1, . . . , yM )

∣∣∣∣ . (11.9)

As a final example of the transformation method we consider the Box-Muller
method for generating samples from a Gaussian distribution. First, suppose we gen-
erate pairs of uniformly distributed random numbers z1, z2 ∈ (−1, 1), which we can
do by transforming a variable distributed uniformly over (0, 1) using z → 2z − 1.
Next we discard each pair unless it satisfies z2

1 + z2
2 � 1. This leads to a uniform

distribution of points inside the unit circle with p(z1, z2) = 1/π, as illustrated in
Figure 11.3. Then, for each pair z1, z2 we evaluate the quantities

Figure 11.3 The Box-Muller method for generating Gaussian dis-
tributed random numbers starts by generating samples
from a uniform distribution inside the unit circle.

−1
−1

1

1z1

z2
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y1 = z1

(−2 ln z1

r2

)1/2

(11.10)

y2 = z2

(−2 ln z2

r2

)1/2

(11.11)

where r2 = z2
1 + z2

2 . Then the joint distribution of y1 and y2 is given byExercise 11.4

p(y1, y2) = p(z1, z2)
∣∣∣∣∂(z1, z2)
∂(y1, y2)

∣∣∣∣
=

[
1√
2π

exp(−y2
1/2)

] [
1√
2π

exp(−y2
2/2)

]
(11.12)

and so y1 and y2 are independent and each has a Gaussian distribution with zero
mean and unit variance.

If y has a Gaussian distribution with zero mean and unit variance, then σy + µ
will have a Gaussian distribution with mean µ and variance σ2. To generate vector-
valued variables having a multivariate Gaussian distribution with mean µ and co-
variance Σ, we can make use of the Cholesky decomposition, which takes the form
Σ = LLT (Press et al., 1992). Then, if z is a vector valued random variable whose
components are independent and Gaussian distributed with zero mean and unit vari-
ance, then y = µ + Lz will have mean µ and covariance Σ.Exercise 11.5

Obviously, the transformation technique depends for its success on the ability
to calculate and then invert the indefinite integral of the required distribution. Such
operations will only be feasible for a limited number of simple distributions, and so
we must turn to alternative approaches in search of a more general strategy. Here
we consider two techniques called rejection sampling and importance sampling. Al-
though mainly limited to univariate distributions and thus not directly applicable to
complex problems in many dimensions, they do form important components in more
general strategies.

11.1.2 Rejection sampling
The rejection sampling framework allows us to sample from relatively complex

distributions, subject to certain constraints. We begin by considering univariate dis-
tributions and discuss the extension to multiple dimensions subsequently.

Suppose we wish to sample from a distribution p(z) that is not one of the simple,
standard distributions considered so far, and that sampling directly from p(z) is dif-
ficult. Furthermore suppose, as is often the case, that we are easily able to evaluate
p(z) for any given value of z, up to some normalizing constant Z, so that

p(z) =
1
Zp

p̃(z) (11.13)

where p̃(z) can readily be evaluated, but Zp is unknown.
In order to apply rejection sampling, we need some simpler distribution q(z),

sometimes called a proposal distribution, from which we can readily draw samples.
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Figure 11.4 In the rejection sampling method,
samples are drawn from a sim-
ple distribution q(z) and rejected
if they fall in the grey area be-
tween the unnormalized distribu-
tion ep(z) and the scaled distribu-
tion kq(z). The resulting samples
are distributed according to p(z),
which is the normalized version of
ep(z). z0 z

u0

kq(z0) kq(z)

p̃(z)

We next introduce a constant k whose value is chosen such that kq(z) � p̃(z) for
all values of z. The function kq(z) is called the comparison function and is illus-
trated for a univariate distribution in Figure 11.4. Each step of the rejection sampler
involves generating two random numbers. First, we generate a number z0 from the
distribution q(z). Next, we generate a number u0 from the uniform distribution over
[0, kq(z0)]. This pair of random numbers has uniform distribution under the curve
of the function kq(z). Finally, if u0 > p̃(z0) then the sample is rejected, otherwise
u0 is retained. Thus the pair is rejected if it lies in the grey shaded region in Fig-
ure 11.4. The remaining pairs then have uniform distribution under the curve of p̃(z),
and hence the corresponding z values are distributed according to p(z), as desired.Exercise 11.6

The original values of z are generated from the distribution q(z), and these sam-
ples are then accepted with probability p̃(z)/kq(z), and so the probability that a
sample will be accepted is given by

p(accept) =
∫

{p̃(z)/kq(z)} q(z) dz

=
1
k

∫
p̃(z) dz. (11.14)

Thus the fraction of points that are rejected by this method depends on the ratio of
the area under the unnormalized distribution p̃(z) to the area under the curve kq(z).
We therefore see that the constant k should be as small as possible subject to the
limitation that kq(z) must be nowhere less than p̃(z).

As an illustration of the use of rejection sampling, consider the task of sampling
from the gamma distribution

Gam(z|a, b) =
baza−1 exp(−bz)

Γ(a)
(11.15)

which, for a > 1, has a bell-shaped form, as shown in Figure 11.5. A suitable
proposal distribution is therefore the Cauchy (11.8) because this too is bell-shaped
and because we can use the transformation method, discussed earlier, to sample from
it. We need to generalize the Cauchy slightly to ensure that it nowhere has a smaller
value than the gamma distribution. This can be achieved by transforming a uniform
random variable y using z = b tan y + c, which gives random numbers distributed
according to.Exercise 11.7
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Figure 11.5 Plot showing the gamma distribu-
tion given by (11.15) as the green
curve, with a scaled Cauchy pro-
posal distribution shown by the red
curve. Samples from the gamma
distribution can be obtained by
sampling from the Cauchy and
then applying the rejection sam-
pling criterion.

z

p(z)
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q(z) =
k

1 + (z − c)2/b2
. (11.16)

The minimum reject rate is obtained by setting c = a − 1, b2 = 2a − 1 and choos-
ing the constant k to be as small as possible while still satisfying the requirement
kq(z) � p̃(z). The resulting comparison function is also illustrated in Figure 11.5.

11.1.3 Adaptive rejection sampling
In many instances where we might wish to apply rejection sampling, it proves

difficult to determine a suitable analytic form for the envelope distribution q(z). An
alternative approach is to construct the envelope function on the fly based on mea-
sured values of the distribution p(z) (Gilks and Wild, 1992). Construction of an
envelope function is particularly straightforward for cases in which p(z) is log con-
cave, in other words when ln p(z) has derivatives that are nonincreasing functions
of z. The construction of a suitable envelope function is illustrated graphically in
Figure 11.6.

The function ln p(z) and its gradient are evaluated at some initial set of grid
points, and the intersections of the resulting tangent lines are used to construct the
envelope function. Next a sample value is drawn from the envelope distribution.
This is straightforward because the log of the envelope distribution is a successionExercise 11.9

Figure 11.6 In the case of distributions that are
log concave, an envelope function
for use in rejection sampling can be
constructed using the tangent lines
computed at a set of grid points. If a
sample point is rejected, it is added
to the set of grid points and used to
refine the envelope distribution.

z1 z2 z3 z

ln p(z)
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Figure 11.7 Illustrative example of rejection
sampling involving sampling from a
Gaussian distribution p(z) shown by
the green curve, by using rejection
sampling from a proposal distri-
bution q(z) that is also Gaussian
and whose scaled version kq(z) is
shown by the red curve.

z

p(z)

−5 0 5
0

0.25

0.5

of linear functions, and hence the envelope distribution itself comprises a piecewise
exponential distribution of the form

q(z) = kiλi exp {−λi(z − zi−1)} zi−1 < z � zi. (11.17)

Once a sample has been drawn, the usual rejection criterion can be applied. If the
sample is accepted, then it will be a draw from the desired distribution. If, however,
the sample is rejected, then it is incorporated into the set of grid points, a new tangent
line is computed, and the envelope function is thereby refined. As the number of
grid points increases, so the envelope function becomes a better approximation of
the desired distribution p(z) and the probability of rejection decreases.

A variant of the algorithm exists that avoids the evaluation of derivatives (Gilks,
1992). The adaptive rejection sampling framework can also be extended to distri-
butions that are not log concave, simply by following each rejection sampling step
with a Metropolis-Hastings step (to be discussed in Section 11.2.2), giving rise to
adaptive rejection Metropolis sampling (Gilks et al., 1995).

Clearly for rejection sampling to be of practical value, we require that the com-
parison function be close to the required distribution so that the rate of rejection is
kept to a minimum. Now let us examine what happens when we try to use rejection
sampling in spaces of high dimensionality. Consider, for the sake of illustration,
a somewhat artificial problem in which we wish to sample from a zero-mean mul-
tivariate Gaussian distribution with covariance σ2

pI, where I is the unit matrix, by
rejection sampling from a proposal distribution that is itself a zero-mean Gaussian
distribution having covariance σ2

qI. Obviously, we must have σ2
q � σ2

p in order that
there exists a k such that kq(z) � p(z). In D-dimensions the optimum value of k
is given by k = (σq/σp)D, as illustrated for D = 1 in Figure 11.7. The acceptance
rate will be the ratio of volumes under p(z) and kq(z), which, because both distribu-
tions are normalized, is just 1/k. Thus the acceptance rate diminishes exponentially
with dimensionality. Even if σq exceeds σp by just one percent, for D = 1, 000 the
acceptance ratio will be approximately 1/20, 000. In this illustrative example the
comparison function is close to the required distribution. For more practical exam-
ples, where the desired distribution may be multimodal and sharply peaked, it will
be extremely difficult to find a good proposal distribution and comparison function.
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Figure 11.8 Importance sampling addresses the prob-
lem of evaluating the expectation of a func-
tion f(z) with respect to a distribution p(z)
from which it is difficult to draw samples di-
rectly. Instead, samples {z(l)} are drawn
from a simpler distribution q(z), and the
corresponding terms in the summation are
weighted by the ratios p(z(l))/q(z(l)).

p(z) f(z)

z

q(z)

Furthermore, the exponential decrease of acceptance rate with dimensionality is a
generic feature of rejection sampling. Although rejection can be a useful technique
in one or two dimensions it is unsuited to problems of high dimensionality. It can,
however, play a role as a subroutine in more sophisticated algorithms for sampling
in high dimensional spaces.

11.1.4 Importance sampling
One of the principal reasons for wishing to sample from complicated probability

distributions is to be able to evaluate expectations of the form (11.1). The technique
of importance sampling provides a framework for approximating expectations di-
rectly but does not itself provide a mechanism for drawing samples from distribution
p(z).

The finite sum approximation to the expectation, given by (11.2), depends on
being able to draw samples from the distribution p(z). Suppose, however, that it is
impractical to sample directly from p(z) but that we can evaluate p(z) easily for any
given value of z. One simplistic strategy for evaluating expectations would be to
discretize z-space into a uniform grid and to evaluate the integrand as a sum of the
form

E[f ] �
L∑

l=1

p(z(l))f(z(l)). (11.18)

An obvious problem with this approach is that the number of terms in the summation
grows exponentially with the dimensionality of z. Furthermore, as we have already
noted, the kinds of probability distributions of interest will often have much of their
mass confined to relatively small regions of z space and so uniform sampling will be
very inefficient because in high-dimensional problems, only a very small proportion
of the samples will make a significant contribution to the sum. We would really like
to choose the sample points to fall in regions where p(z) is large, or ideally where
the product p(z)f(z) is large.

As in the case of rejection sampling, importance sampling is based on the use
of a proposal distribution q(z) from which it is easy to draw samples, as illustrated
in Figure 11.8. We can then express the expectation in the form of a finite sum over
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samples {z(l)} drawn from q(z)

E[f ] =
∫

f(z)p(z) dz

=
∫

f(z)
p(z)
q(z)

q(z) dz

� 1
L

L∑
l=1

p(z(l))
q(z(l))

f(z(l)). (11.19)

The quantities rl = p(z(l))/q(z(l)) are known as importance weights, and they cor-
rect the bias introduced by sampling from the wrong distribution. Note that, unlike
rejection sampling, all of the samples generated are retained.

It will often be the case that the distribution p(z) can only be evaluated up to a
normalization constant, so that p(z) = p̃(z)/Zp where p̃(z) can be evaluated easily,
whereas Zp is unknown. Similarly, we may wish to use an importance sampling
distribution q(z) = q̃(z)/Zq, which has the same property. We then have

E[f ] =
∫

f(z)p(z) dz

=
Zq

Zp

∫
f(z)

p̃(z)
q̃(z)

q(z) dz

� Zq

Zp

1
L

L∑
l=1

r̃lf(z(l)). (11.20)

where r̃l = p̃(z(l))/q̃(z(l)). We can use the same sample set to evaluate the ratio
Zp/Zq with the result

Zp

Zq
=

1
Zq

∫
p̃(z) dz =

∫
p̃(z)
q̃(z)

q(z) dz

� 1
L

L∑
l=1

r̃l (11.21)

and hence

E[f ] �
L∑

l=1

wlf(z(l)) (11.22)

where we have defined

wl =
r̃l∑
m r̃m

=
p̃(z(l))/q(z(l))∑

m p̃(z(m))/q(z(m))
. (11.23)

As with rejection sampling, the success of the importance sampling approach
depends crucially on how well the sampling distribution q(z) matches the desired
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distribution p(z). If, as is often the case, p(z)f(z) is strongly varying and has a sig-
nificant proportion of its mass concentrated over relatively small regions of z space,
then the set of importance weights {rl} may be dominated by a few weights hav-
ing large values, with the remaining weights being relatively insignificant. Thus the
effective sample size can be much smaller than the apparent sample size L. The prob-
lem is even more severe if none of the samples falls in the regions where p(z)f(z)
is large. In that case, the apparent variances of rl and rlf(z(l)) may be small even
though the estimate of the expectation may be severely wrong. Hence a major draw-
back of the importance sampling method is the potential to produce results that are
arbitrarily in error and with no diagnostic indication. This also highlights a key re-
quirement for the sampling distribution q(z), namely that it should not be small or
zero in regions where p(z) may be significant.

For distributions defined in terms of a graphical model, we can apply the impor-
tance sampling technique in various ways. For discrete variables, a simple approach
is called uniform sampling. The joint distribution for a directed graph is defined
by (11.4). Each sample from the joint distribution is obtained by first setting those
variables zi that are in the evidence set equal to their observed values. Each of the
remaining variables is then sampled independently from a uniform distribution over
the space of possible instantiations. To determine the corresponding weight associ-
ated with a sample z(l), we note that the sampling distribution q̃(z) is uniform over
the possible choices for z, and that p̃(z|x) = p̃(z), where x denotes the subset of
variables that are observed, and the equality follows from the fact that every sample
z that is generated is necessarily consistent with the evidence. Thus the weights rl

are simply proportional to p(z). Note that the variables can be sampled in any order.
This approach can yield poor results if the posterior distribution is far from uniform,
as is often the case in practice.

An improvement on this approach is called likelihood weighted sampling (Fung
and Chang, 1990; Shachter and Peot, 1990) and is based on ancestral sampling of
the variables. For each variable in turn, if that variable is in the evidence set, then it
is just set to its instantiated value. If it is not in the evidence set, then it is sampled
from the conditional distribution p(zi|pai) in which the conditioning variables are
set to their currently sampled values. The weighting associated with the resulting
sample z is then given by

r(z) =
∏
zi 	∈e

p(zi|pai)
p(zi|pai)

∏
zi∈e

p(zi|pai)
1

=
∏
zi∈e

p(zi|pai). (11.24)

This method can be further extended using self-importance sampling (Shachter and
Peot, 1990) in which the importance sampling distribution is continually updated to
reflect the current estimated posterior distribution.

11.1.5 Sampling-importance-resampling
The rejection sampling method discussed in Section 11.1.2 depends in part for

its success on the determination of a suitable value for the constant k. For many
pairs of distributions p(z) and q(z), it will be impractical to determine a suitable
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value for k in that any value that is sufficiently large to guarantee a bound on the
desired distribution will lead to impractically small acceptance rates.

As in the case of rejection sampling, the sampling-importance-resampling (SIR)
approach also makes use of a sampling distribution q(z) but avoids having to de-
termine the constant k. There are two stages to the scheme. In the first stage,
L samples z(1), . . . , z(L) are drawn from q(z). Then in the second stage, weights
w1, . . . , wL are constructed using (11.23). Finally, a second set of L samples is
drawn from the discrete distribution (z(1), . . . , z(L)) with probabilities given by the
weights (w1, . . . , wL).

The resulting L samples are only approximately distributed according to p(z),
but the distribution becomes correct in the limit L → ∞. To see this, consider the
univariate case, and note that the cumulative distribution of the resampled values is
given by

p(z � a) =
∑

l:z(l)�a

wl

=
∑

l I(z(l) � a)p̃(z(l))/q(z(l))∑
l p̃(z(l))/q(z(l))

(11.25)

where I(.) is the indicator function (which equals 1 if its argument is true and 0
otherwise). Taking the limit L → ∞, and assuming suitable regularity of the dis-
tributions, we can replace the sums by integrals weighted according to the original
sampling distribution q(z)

p(z � a) =

∫
I(z � a) {p̃(z)/q(z)} q(z) dz∫

{p̃(z)/q(z)} q(z) dz

=

∫
I(z � a)p̃(z) dz∫

p̃(z) dz

=
∫

I(z � a)p(z) dz (11.26)

which is the cumulative distribution function of p(z). Again, we see that the normal-
ization of p(z) is not required.

For a finite value of L, and a given initial sample set, the resampled values will
only approximately be drawn from the desired distribution. As with rejection sam-
pling, the approximation improves as the sampling distribution q(z) gets closer to
the desired distribution p(z). When q(z) = p(z), the initial samples (z(1), . . . , z(L))
have the desired distribution, and the weights wn = 1/L so that the resampled values
also have the desired distribution.

If moments with respect to the distribution p(z) are required, then they can be
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evaluated directly using the original samples together with the weights, because

E[f(z)] =
∫

f(z)p(z) dz

=

∫
f(z)[p̃(z)/q(z)]q(z) dz∫

[p̃(z)/q(z)]q(z) dz

�
L∑

l=1

wlf(zl). (11.27)

11.1.6 Sampling and the EM algorithm
In addition to providing a mechanism for direct implementation of the Bayesian

framework, Monte Carlo methods can also play a role in the frequentist paradigm,
for example to find maximum likelihood solutions. In particular, sampling methods
can be used to approximate the E step of the EM algorithm for models in which the
E step cannot be performed analytically. Consider a model with hidden variables
Z, visible (observed) variables X, and parameters θ. The function that is optimized
with respect to θ in the M step is the expected complete-data log likelihood, given
by

Q(θ, θold) =
∫

p(Z|X, θold) ln p(Z,X|θ) dZ. (11.28)

We can use sampling methods to approximate this integral by a finite sum over sam-
ples {Z(l)}, which are drawn from the current estimate for the posterior distribution
p(Z|X, θold), so that

Q(θ, θold) � 1
L

L∑
l=1

ln p(Z(l),X|θ). (11.29)

The Q function is then optimized in the usual way in the M step. This procedure is
called the Monte Carlo EM algorithm.

It is straightforward to extend this to the problem of finding the mode of the
posterior distribution over θ (the MAP estimate) when a prior distribution p(θ) has
been defined, simply by adding ln p(θ) to the function Q(θ, θold) before performing
the M step.

A particular instance of the Monte Carlo EM algorithm, called stochastic EM,
arises if we consider a finite mixture model, and draw just one sample at each E step.
Here the latent variable Z characterizes which of the K components of the mixture
is responsible for generating each data point. In the E step, a sample of Z is taken
from the posterior distribution p(Z|X, θold) where X is the data set. This effectively
makes a hard assignment of each data point to one of the components in the mixture.
In the M step, this sampled approximation to the posterior distribution is used to
update the model parameters in the usual way.



11.2. Markov Chain Monte Carlo 537

Now suppose we move from a maximum likelihood approach to a full Bayesian
treatment in which we wish to sample from the posterior distribution over the param-
eter vector θ. In principle, we would like to draw samples from the joint posterior
p(θ,Z|X), but we shall suppose that this is computationally difficult. Suppose fur-
ther that it is relatively straightforward to sample from the complete-data parameter
posterior p(θ|Z,X). This inspires the data augmentation algorithm, which alter-
nates between two steps known as the I-step (imputation step, analogous to an E
step) and the P-step (posterior step, analogous to an M step).

IP Algorithm

I-step. We wish to sample from p(Z|X) but we cannot do this directly. We
therefore note the relation

p(Z|X) =
∫

p(Z|θ,X)p(θ|X) dθ (11.30)

and hence for l = 1, . . . , L we first draw a sample θ(l) from the current esti-
mate for p(θ|X), and then use this to draw a sample Z(l) from p(Z|θ(l),X).

P-step. Given the relation

p(θ|X) =
∫

p(θ|Z,X)p(Z|X) dZ (11.31)

we use the samples {Z(l)} obtained from the I-step to compute a revised
estimate of the posterior distribution over θ given by

p(θ|X) � 1
L

L∑
l=1

p(θ|Z(l),X). (11.32)

By assumption, it will be feasible to sample from this approximation in the
I-step.

Note that we are making a (somewhat artificial) distinction between parameters θ
and hidden variables Z. From now on, we blur this distinction and focus simply on
the problem of drawing samples from a given posterior distribution.

11.2. Markov Chain Monte Carlo

In the previous section, we discussed the rejection sampling and importance sam-
pling strategies for evaluating expectations of functions, and we saw that they suffer
from severe limitations particularly in spaces of high dimensionality. We therefore
turn in this section to a very general and powerful framework called Markov chain
Monte Carlo (MCMC), which allows sampling from a large class of distributions,
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and which scales well with the dimensionality of the sample space. Markov chain
Monte Carlo methods have their origins in physics (Metropolis and Ulam, 1949),
and it was only towards the end of the 1980s that they started to have a significant
impact in the field of statistics.

As with rejection and importance sampling, we again sample from a proposal
distribution. This time, however, we maintain a record of the current state z(τ), and
the proposal distribution q(z|z(τ)) depends on this current state, and so the sequence
of samples z(1), z(2), . . . forms a Markov chain. Again, if we write p(z) = p̃(z)/Zp,Section 11.2.1
we will assume that p̃(z) can readily be evaluated for any given value of z, although
the value of Zp may be unknown. The proposal distribution itself is chosen to be
sufficiently simple that it is straightforward to draw samples from it directly. At
each cycle of the algorithm, we generate a candidate sample z� from the proposal
distribution and then accept the sample according to an appropriate criterion.

In the basic Metropolis algorithm (Metropolis et al., 1953), we assume that the
proposal distribution is symmetric, that is q(zA|zB) = q(zB|zA) for all values of
zA and zB . The candidate sample is then accepted with probability

A(z�, z(τ)) = min
(

1,
p̃(z�)
p̃(z(τ))

)
. (11.33)

This can be achieved by choosing a random number u with uniform distribution over
the unit interval (0, 1) and then accepting the sample if A(z�, z(τ)) > u. Note that
if the step from z(τ) to z� causes an increase in the value of p(z), then the candidate
point is certain to be kept.

If the candidate sample is accepted, then z(τ+1) = z�, otherwise the candidate
point z� is discarded, z(τ+1) is set to z(τ) and another candidate sample is drawn
from the distribution q(z|z(τ+1)). This is in contrast to rejection sampling, where re-
jected samples are simply discarded. In the Metropolis algorithm when a candidate
point is rejected, the previous sample is included instead in the final list of samples,
leading to multiple copies of samples. Of course, in a practical implementation,
only a single copy of each retained sample would be kept, along with an integer
weighting factor recording how many times that state appears. As we shall see, as
long as q(zA|zB) is positive for any values of zA and zB (this is a sufficient but
not necessary condition), the distribution of z(τ) tends to p(z) as τ → ∞. It should
be emphasized, however, that the sequence z(1), z(2), . . . is not a set of independent
samples from p(z) because successive samples are highly correlated. If we wish to
obtain independent samples, then we can discard most of the sequence and just re-
tain every M th sample. For M sufficiently large, the retained samples will for all
practical purposes be independent. Figure 11.9 shows a simple illustrative exam-
ple of sampling from a two-dimensional Gaussian distribution using the Metropolis
algorithm in which the proposal distribution is an isotropic Gaussian.

Further insight into the nature of Markov chain Monte Carlo algorithms can be
gleaned by looking at the properties of a specific example, namely a simple random
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Figure 11.9 A simple illustration using Metropo-
lis algorithm to sample from a
Gaussian distribution whose one
standard-deviation contour is shown
by the ellipse. The proposal distribu-
tion is an isotropic Gaussian distri-
bution whose standard deviation is
0.2. Steps that are accepted are
shown as green lines, and rejected
steps are shown in red. A total of
150 candidate samples are gener-
ated, of which 43 are rejected.
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walk. Consider a state space z consisting of the integers, with probabilities

p(z(τ+1) = z(τ)) = 0.5 (11.34)

p(z(τ+1) = z(τ) + 1) = 0.25 (11.35)

p(z(τ+1) = z(τ) − 1) = 0.25 (11.36)

where z(τ) denotes the state at step τ . If the initial state is z(1) = 0, then by sym-
metry the expected state at time τ will also be zero E[z(τ)] = 0, and similarly it is
easily seen that E[(z(τ))2] = τ/2. Thus after τ steps, the random walk has only trav-Exercise 11.10
elled a distance that on average is proportional to the square root of τ . This square
root dependence is typical of random walk behaviour and shows that random walks
are very inefficient in exploring the state space. As we shall see, a central goal in
designing Markov chain Monte Carlo methods is to avoid random walk behaviour.

11.2.1 Markov chains
Before discussing Markov chain Monte Carlo methods in more detail, it is use-

ful to study some general properties of Markov chains in more detail. In particular,
we ask under what circumstances will a Markov chain converge to the desired dis-
tribution. A first-order Markov chain is defined to be a series of random variables
z(1), . . . , z(M) such that the following conditional independence property holds for
m ∈ {1, . . . , M − 1}

p(z(m+1)|z(1), . . . , z(m)) = p(z(m+1)|z(m)). (11.37)

This of course can be represented as a directed graph in the form of a chain, an ex-
ample of which is shown in Figure 8.38. We can then specify the Markov chain by
giving the probability distribution for the initial variable p(z(0)) together with the
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conditional probabilities for subsequent variables in the form of transition probabil-
ities Tm(z(m), z(m+1)) ≡ p(z(m+1)|z(m)). A Markov chain is called homogeneous
if the transition probabilities are the same for all m.

The marginal probability for a particular variable can be expressed in terms of
the marginal probability for the previous variable in the chain in the form

p(z(m+1)) =
∑
z(m)

p(z(m+1)|z(m))p(z(m)). (11.38)

A distribution is said to be invariant, or stationary, with respect to a Markov chain
if each step in the chain leaves that distribution invariant. Thus, for a homogeneous
Markov chain with transition probabilities T (z′, z), the distribution p�(z) is invariant
if

p�(z) =
∑
z′

T (z′, z)p�(z′). (11.39)

Note that a given Markov chain may have more than one invariant distribution. For
instance, if the transition probabilities are given by the identity transformation, then
any distribution will be invariant.

A sufficient (but not necessary) condition for ensuring that the required distribu-
tion p(z) is invariant is to choose the transition probabilities to satisfy the property
of detailed balance, defined by

p�(z)T (z, z′) = p�(z′)T (z′, z) (11.40)

for the particular distribution p�(z). It is easily seen that a transition probability
that satisfies detailed balance with respect to a particular distribution will leave that
distribution invariant, because∑

z′
p�(z′)T (z′, z) =

∑
z′

p�(z)T (z, z′) = p�(z)
∑
z′

p(z′|z) = p�(z). (11.41)

A Markov chain that respects detailed balance is said to be reversible.
Our goal is to use Markov chains to sample from a given distribution. We can

achieve this if we set up a Markov chain such that the desired distribution is invariant.
However, we must also require that for m → ∞, the distribution p(z(m)) converges
to the required invariant distribution p�(z), irrespective of the choice of initial dis-
tribution p(z(0)). This property is called ergodicity, and the invariant distribution
is then called the equilibrium distribution. Clearly, an ergodic Markov chain can
have only one equilibrium distribution. It can be shown that a homogeneous Markov
chain will be ergodic, subject only to weak restrictions on the invariant distribution
and the transition probabilities (Neal, 1993).

In practice we often construct the transition probabilities from a set of ‘base’
transitions B1, . . . , BK . This can be achieved through a mixture distribution of the
form

T (z′, z) =
K∑

k=1

αkBk(z′, z) (11.42)
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for some set of mixing coefficients α1, . . . , αK satisfying αk � 0 and
∑

k αk = 1.
Alternatively, the base transitions may be combined through successive application,
so that

T (z′, z) =
∑
z1

. . .
∑
zn−1

B1(z′, z1) . . . BK−1(zK−2, zK−1)BK(zK−1, z). (11.43)

If a distribution is invariant with respect to each of the base transitions, then obvi-
ously it will also be invariant with respect to either of the T (z′, z) given by (11.42)
or (11.43). For the case of the mixture (11.42), if each of the base transitions sat-
isfies detailed balance, then the mixture transition T will also satisfy detailed bal-
ance. This does not hold for the transition probability constructed using (11.43), al-
though by symmetrizing the order of application of the base transitions, in the form
B1, B2, . . . , BK , BK , . . . , B2, B1, detailed balance can be restored. A common ex-
ample of the use of composite transition probabilities is where each base transition
changes only a subset of the variables.

11.2.2 The Metropolis-Hastings algorithm
Earlier we introduced the basic Metropolis algorithm, without actually demon-

strating that it samples from the required distribution. Before giving a proof, we
first discuss a generalization, known as the Metropolis-Hastings algorithm (Hast-
ings, 1970), to the case where the proposal distribution is no longer a symmetric
function of its arguments. In particular at step τ of the algorithm, in which the cur-
rent state is z(τ), we draw a sample z� from the distribution qk(z|z(τ)) and then
accept it with probability Ak(z�, zτ ) where

Ak(z�, z(τ)) = min
(

1,
p̃(z�)qk(z(τ)|z�)
p̃(z(τ))qk(z�|z(τ))

)
. (11.44)

Here k labels the members of the set of possible transitions being considered. Again,
the evaluation of the acceptance criterion does not require knowledge of the normal-
izing constant Zp in the probability distribution p(z) = p̃(z)/Zp. For a symmetric
proposal distribution the Metropolis-Hastings criterion (11.44) reduces to the stan-
dard Metropolis criterion given by (11.33).

We can show that p(z) is an invariant distribution of the Markov chain defined
by the Metropolis-Hastings algorithm by showing that detailed balance, defined by
(11.40), is satisfied. Using (11.44) we have

p(z)qk(z|z′)Ak(z′, z) = min (p(z)qk(z|z′), p(z′)qk(z′|z))
= min (p(z′)qk(z′|z), p(z)qk(z|z′))
= p(z′)qk(z′|z)Ak(z, z′) (11.45)

as required.
The specific choice of proposal distribution can have a marked effect on the

performance of the algorithm. For continuous state spaces, a common choice is a
Gaussian centred on the current state, leading to an important trade-off in determin-
ing the variance parameter of this distribution. If the variance is small, then the
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Figure 11.10 Schematic illustration of the use of an isotropic
Gaussian proposal distribution (blue circle) to
sample from a correlated multivariate Gaussian
distribution (red ellipse) having very different stan-
dard deviations in different directions, using the
Metropolis-Hastings algorithm. In order to keep
the rejection rate low, the scale ρ of the proposal
distribution should be on the order of the smallest
standard deviation σmin, which leads to random
walk behaviour in which the number of steps sep-
arating states that are approximately independent
is of order (σmax/σmin)2 where σmax is the largest
standard deviation.

σmax

σmin

ρ

proportion of accepted transitions will be high, but progress through the state space
takes the form of a slow random walk leading to long correlation times. However,
if the variance parameter is large, then the rejection rate will be high because, in the
kind of complex problems we are considering, many of the proposed steps will be
to states for which the probability p(z) is low. Consider a multivariate distribution
p(z) having strong correlations between the components of z, as illustrated in Fig-
ure 11.10. The scale ρ of the proposal distribution should be as large as possible
without incurring high rejection rates. This suggests that ρ should be of the same
order as the smallest length scale σmin. The system then explores the distribution
along the more extended direction by means of a random walk, and so the number
of steps to arrive at a state that is more or less independent of the original state is
of order (σmax/σmin)2. In fact in two dimensions, the increase in rejection rate as ρ
increases is offset by the larger steps sizes of those transitions that are accepted, and
more generally for a multivariate Gaussian the number of steps required to obtain
independent samples scales like (σmax/σ2)2 where σ2 is the second-smallest stan-
dard deviation (Neal, 1993). These details aside, it remains the case that if the length
scales over which the distributions vary are very different in different directions, then
the Metropolis Hastings algorithm can have very slow convergence.

11.3. Gibbs Sampling

Gibbs sampling (Geman and Geman, 1984) is a simple and widely applicable Markov
chain Monte Carlo algorithm and can be seen as a special case of the Metropolis-
Hastings algorithm.

Consider the distribution p(z) = p(z1, . . . , zM ) from which we wish to sample,
and suppose that we have chosen some initial state for the Markov chain. Each step
of the Gibbs sampling procedure involves replacing the value of one of the variables
by a value drawn from the distribution of that variable conditioned on the values of
the remaining variables. Thus we replace zi by a value drawn from the distribution
p(zi|z\i), where zi denotes the ith component of z, and z\i denotes z1, . . . , zM but
with zi omitted. This procedure is repeated either by cycling through the variables
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in some particular order or by choosing the variable to be updated at each step at
random from some distribution.

For example, suppose we have a distribution p(z1, z2, z3) over three variables,
and at step τ of the algorithm we have selected values z

(τ)
1 , z

(τ)
2 and z

(τ)
3 . We first

replace z
(τ)
1 by a new value z

(τ+1)
1 obtained by sampling from the conditional distri-

bution
p(z1|z(τ)

2 , z
(τ)
3 ). (11.46)

Next we replace z
(τ)
2 by a value z

(τ+1)
2 obtained by sampling from the conditional

distribution
p(z2|z(τ+1)

1 , z
(τ)
3 ) (11.47)

so that the new value for z1 is used straight away in subsequent sampling steps. Then
we update z3 with a sample z

(τ+1)
3 drawn from

p(z3|z(τ+1)
1 , z

(τ+1)
2 ) (11.48)

and so on, cycling through the three variables in turn.

Gibbs Sampling

1. Initialize {zi : i = 1, . . . , M}
2. For τ = 1, . . . , T :

– Sample z
(τ+1)
1 ∼ p(z1|z(τ)

2 , z
(τ)
3 , . . . , z

(τ)
M ).

– Sample z
(τ+1)
2 ∼ p(z2|z(τ+1)

1 , z
(τ)
3 , . . . , z

(τ)
M ).

...
– Sample z

(τ+1)
j ∼ p(zj |z(τ+1)

1 , . . . , z
(τ+1)
j−1 , z

(τ)
j+1, . . . , z

(τ)
M ).

...
– Sample z

(τ+1)
M ∼ p(zM |z(τ+1)

1 , z
(τ+1)
2 , . . . , z

(τ+1)
M−1 ).

Josiah Willard Gibbs
1839–1903

Gibbs spent almost his entire life liv-
ing in a house built by his father in
New Haven, Connecticut. In 1863,
Gibbs was granted the first PhD in
engineering in the United States,
and in 1871 he was appointed to

the first chair of mathematical physics in the United

States at Yale, a post for which he received no salary
because at the time he had no publications. He de-
veloped the field of vector analysis and made contri-
butions to crystallography and planetary orbits. His
most famous work, entitled On the Equilibrium of Het-
erogeneous Substances, laid the foundations for the
science of physical chemistry.
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To show that this procedure samples from the required distribution, we first of
all note that the distribution p(z) is an invariant of each of the Gibbs sampling steps
individually and hence of the whole Markov chain. This follows from the fact that
when we sample from p(zi|{z\i), the marginal distribution p(z\i) is clearly invariant
because the value of z\i is unchanged. Also, each step by definition samples from the
correct conditional distribution p(zi|z\i). Because these conditional and marginal
distributions together specify the joint distribution, we see that the joint distribution
is itself invariant.

The second requirement to be satisfied in order that the Gibbs sampling proce-
dure samples from the correct distribution is that it be ergodic. A sufficient condition
for ergodicity is that none of the conditional distributions be anywhere zero. If this
is the case, then any point in z space can be reached from any other point in a finite
number of steps involving one update of each of the component variables. If this
requirement is not satisfied, so that some of the conditional distributions have zeros,
then ergodicity, if it applies, must be proven explicitly.

The distribution of initial states must also be specified in order to complete the
algorithm, although samples drawn after many iterations will effectively become
independent of this distribution. Of course, successive samples from the Markov
chain will be highly correlated, and so to obtain samples that are nearly independent
it will be necessary to subsample the sequence.

We can obtain the Gibbs sampling procedure as a particular instance of the
Metropolis-Hastings algorithm as follows. Consider a Metropolis-Hastings sampling
step involving the variable zk in which the remaining variables z\k remain fixed, and
for which the transition probability from z to z� is given by qk(z�|z) = p(z�

k|z\k).
We note that z�

\k = z\k because these components are unchanged by the sampling
step. Also, p(z) = p(zk|z\k)p(z\k). Thus the factor that determines the acceptance
probability in the Metropolis-Hastings (11.44) is given by

A(z�, z) =
p(z�)qk(z|z�)
p(z)qk(z�|z)

=
p(z�

k|z�
\k)p(z�

\k)p(zk|z�
\k)

p(zk|z\k)p(z\k)p(z�
k|z\k)

= 1 (11.49)

where we have used z�
\k = z\k. Thus the Metropolis-Hastings steps are always

accepted.
As with the Metropolis algorithm, we can gain some insight into the behaviour of

Gibbs sampling by investigating its application to a Gaussian distribution. Consider
a correlated Gaussian in two variables, as illustrated in Figure 11.11, having con-
ditional distributions of width l and marginal distributions of width L. The typical
step size is governed by the conditional distributions and will be of order l. Because
the state evolves according to a random walk, the number of steps needed to obtain
independent samples from the distribution will be of order (L/l)2. Of course if the
Gaussian distribution were uncorrelated, then the Gibbs sampling procedure would
be optimally efficient. For this simple problem, we could rotate the coordinate sys-
tem in order to decorrelate the variables. However, in practical applications it will
generally be infeasible to find such transformations.

One approach to reducing random walk behaviour in Gibbs sampling is called
over-relaxation (Adler, 1981). In its original form, this applies to problems for which
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Figure 11.11 Illustration of Gibbs sampling by alter-
nate updates of two variables whose
distribution is a correlated Gaussian.
The step size is governed by the stan-
dard deviation of the conditional distri-
bution (green curve), and is O(l), lead-
ing to slow progress in the direction of
elongation of the joint distribution (red
ellipse). The number of steps needed
to obtain an independent sample from
the distribution is O((L/l)2).

z1

z2

L

l

the conditional distributions are Gaussian, which represents a more general class of
distributions than the multivariate Gaussian because, for example, the non-Gaussian
distribution p(z, y) ∝ exp(−z2y2) has Gaussian conditional distributions. At each
step of the Gibbs sampling algorithm, the conditional distribution for a particular
component zi has some mean µi and some variance σ2

i . In the over-relaxation frame-
work, the value of zi is replaced with

z′i = µi + α(zi − µi) + σi(1 − α2
i )

1/2ν (11.50)

where ν is a Gaussian random variable with zero mean and unit variance, and α
is a parameter such that −1 < α < 1. For α = 0, the method is equivalent to
standard Gibbs sampling, and for α < 0 the step is biased to the opposite side of the
mean. This step leaves the desired distribution invariant because if zi has mean µi

and variance σ2
i , then so too does z′i. The effect of over-relaxation is to encourage

directed motion through state space when the variables are highly correlated. The
framework of ordered over-relaxation (Neal, 1999) generalizes this approach to non-
Gaussian distributions.

The practical applicability of Gibbs sampling depends on the ease with which
samples can be drawn from the conditional distributions p(zk|z\k). In the case of
probability distributions specified using graphical models, the conditional distribu-
tions for individual nodes depend only on the variables in the corresponding Markov
blankets, as illustrated in Figure 11.12. For directed graphs, a wide choice of condi-
tional distributions for the individual nodes conditioned on their parents will lead to
conditional distributions for Gibbs sampling that are log concave. The adaptive re-
jection sampling methods discussed in Section 11.1.3 therefore provide a framework
for Monte Carlo sampling from directed graphs with broad applicability.

If the graph is constructed using distributions from the exponential family, and
if the parent-child relationships preserve conjugacy, then the full conditional distri-
butions arising in Gibbs sampling will have the same functional form as the orig-
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Figure 11.12 The Gibbs sampling method requires samples
to be drawn from the conditional distribution of a variable condi-
tioned on the remaining variables. For graphical models, this
conditional distribution is a function only of the states of the
nodes in the Markov blanket. For an undirected graph this com-
prises the set of neighbours, as shown on the left, while for a
directed graph the Markov blanket comprises the parents, the
children, and the co-parents, as shown on the right.

inal conditional distributions (conditioned on the parents) defining each node, and
so standard sampling techniques can be employed. In general, the full conditional
distributions will be of a complex form that does not permit the use of standard sam-
pling algorithms. However, if these conditionals are log concave, then sampling can
be done efficiently using adaptive rejection sampling (assuming the corresponding
variable is a scalar).

If, at each stage of the Gibbs sampling algorithm, instead of drawing a sample
from the corresponding conditional distribution, we make a point estimate of the
variable given by the maximum of the conditional distribution, then we obtain the
iterated conditional modes (ICM) algorithm discussed in Section 8.3.3. Thus ICM
can be seen as a greedy approximation to Gibbs sampling.

Because the basic Gibbs sampling technique considers one variable at a time,
there are strong dependencies between successive samples. At the opposite extreme,
if we could draw samples directly from the joint distribution (an operation that we
are supposing is intractable), then successive samples would be independent. We can
hope to improve on the simple Gibbs sampler by adopting an intermediate strategy in
which we sample successively from groups of variables rather than individual vari-
ables. This is achieved in the blocking Gibbs sampling algorithm by choosing blocks
of variables, not necessarily disjoint, and then sampling jointly from the variables in
each block in turn, conditioned on the remaining variables (Jensen et al., 1995).

11.4. Slice Sampling

We have seen that one of the difficulties with the Metropolis algorithm is the sensi-
tivity to step size. If this is too small, the result is slow decorrelation due to random
walk behaviour, whereas if it is too large the result is inefficiency due to a high rejec-
tion rate. The technique of slice sampling (Neal, 2003) provides an adaptive step size
that is automatically adjusted to match the characteristics of the distribution. Again
it requires that we are able to evaluate the unnormalized distribution p̃(z).

Consider first the univariate case. Slice sampling involves augmenting z with
an additional variable u and then drawing samples from the joint (z, u) space. We
shall see another example of this approach when we discuss hybrid Monte Carlo in
Section 11.5. The goal is to sample uniformly from the area under the distribution
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p̃(z)

z(τ) z

u
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p̃(z)

z(τ) z

uzmin zmax
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Figure 11.13 Illustration of slice sampling. (a) For a given value z(τ), a value of u is chosen uniformly in
the region 0 � u � ep(z(τ)), which then defines a ‘slice’ through the distribution, shown by the solid horizontal
lines. (b) Because it is infeasible to sample directly from a slice, a new sample of z is drawn from a region
zmin � z � zmax, which contains the previous value z(τ).

given by

p̂(z, u) =
{

1/Zp if 0 � u � p̃(z)
0 otherwise

(11.51)

where Zp =
∫

p̃(z) dz. The marginal distribution over z is given by∫
p̂(z, u) du =

∫ ep(z)

0

1
Zp

du =
p̃(z)
Zp

= p(z) (11.52)

and so we can sample from p(z) by sampling from p̂(z, u) and then ignoring the u
values. This can be achieved by alternately sampling z and u. Given the value of z
we evaluate p̃(z) and then sample u uniformly in the range 0 � u � p̃(z), which is
straightforward. Then we fix u and sample z uniformly from the ‘slice’ through the
distribution defined by {z : p̃(z) > u}. This is illustrated in Figure 11.13(a).

In practice, it can be difficult to sample directly from a slice through the distribu-
tion and so instead we define a sampling scheme that leaves the uniform distribution
under p̂(z, u) invariant, which can be achieved by ensuring that detailed balance is
satisfied. Suppose the current value of z is denoted z(τ) and that we have obtained
a corresponding sample u. The next value of z is obtained by considering a region
zmin � z � zmax that contains z(τ). It is in the choice of this region that the adap-
tation to the characteristic length scales of the distribution takes place. We want the
region to encompass as much of the slice as possible so as to allow large moves in z
space while having as little as possible of this region lying outside the slice, because
this makes the sampling less efficient.

One approach to the choice of region involves starting with a region containing
z(τ) having some width w and then testing each of the end points to see if they lie
within the slice. If either end point does not, then the region is extended in that
direction by increments of value w until the end point lies outside the region. A
candidate value z′ is then chosen uniformly from this region, and if it lies within the
slice, then it forms z(τ+1). If it lies outside the slice, then the region is shrunk such
that z′ forms an end point and such that the region still contains z(τ). Then another
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candidate point is drawn uniformly from this reduced region and so on, until a value
of z is found that lies within the slice.

Slice sampling can be applied to multivariate distributions by repeatedly sam-
pling each variable in turn, in the manner of Gibbs sampling. This requires that
we are able to compute, for each component zi, a function that is proportional to
p(zi|z\i).

11.5. The Hybrid Monte Carlo Algorithm

As we have already noted, one of the major limitations of the Metropolis algorithm
is that it can exhibit random walk behaviour whereby the distance traversed through
the state space grows only as the square root of the number of steps. The problem
cannot be resolved simply by taking bigger steps as this leads to a high rejection rate.

In this section, we introduce a more sophisticated class of transitions based on an
analogy with physical systems and that has the property of being able to make large
changes to the system state while keeping the rejection probability small. It is ap-
plicable to distributions over continuous variables for which we can readily evaluate
the gradient of the log probability with respect to the state variables. We will discuss
the dynamical systems framework in Section 11.5.1, and then in Section 11.5.2 we
explain how this may be combined with the Metropolis algorithm to yield the pow-
erful hybrid Monte Carlo algorithm. A background in physics is not required as this
section is self-contained and the key results are all derived from first principles.

11.5.1 Dynamical systems
The dynamical approach to stochastic sampling has its origins in algorithms for

simulating the behaviour of physical systems evolving under Hamiltonian dynam-
ics. In a Markov chain Monte Carlo simulation, the goal is to sample from a given
probability distribution p(z). The framework of Hamiltonian dynamics is exploited
by casting the probabilistic simulation in the form of a Hamiltonian system. In order
to remain in keeping with the literature in this area, we make use of the relevant
dynamical systems terminology where appropriate, which will be defined as we go
along.

The dynamics that we consider corresponds to the evolution of the state variable
z = {zi} under continuous time, which we denote by τ . Classical dynamics is de-
scribed by Newton’s second law of motion in which the acceleration of an object is
proportional to the applied force, corresponding to a second-order differential equa-
tion over time. We can decompose a second-order equation into two coupled first-
order equations by introducing intermediate momentum variables r, corresponding
to the rate of change of the state variables z, having components

ri =
dzi

dτ
(11.53)

where the zi can be regarded as position variables in this dynamics perspective. Thus
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for each position variable there is a corresponding momentum variable, and the joint
space of position and momentum variables is called phase space.

Without loss of generality, we can write the probability distribution p(z) in the
form

p(z) =
1
Zp

exp (−E(z)) (11.54)

where E(z) is interpreted as the potential energy of the system when in state z. The
system acceleration is the rate of change of momentum and is given by the applied
force, which itself is the negative gradient of the potential energy

dri

dτ
= −∂E(z)

∂zi
. (11.55)

It is convenient to reformulate this dynamical system using the Hamiltonian
framework. To do this, we first define the kinetic energy by

K(r) =
1
2
‖r‖2 =

1
2

∑
i

r2
i . (11.56)

The total energy of the system is then the sum of its potential and kinetic energies

H(z, r) = E(z) + K(r) (11.57)

where H is the Hamiltonian function. Using (11.53), (11.55), (11.56), and (11.57),
we can now express the dynamics of the system in terms of the Hamiltonian equa-
tions given byExercise 11.15

dzi

dτ
=

∂H

∂ri
(11.58)

dri

dτ
= −∂H

∂zi
. (11.59)

William Hamilton
1805–1865

William Rowan Hamilton was an
Irish mathematician and physicist,
and child prodigy, who was ap-
pointed Professor of Astronomy at
Trinity College, Dublin, in 1827, be-
fore he had even graduated. One

of Hamilton’s most important contributions was a new
formulation of dynamics, which played a significant
role in the later development of quantum mechanics.

His other great achievement was the development of
quaternions, which generalize the concept of complex
numbers by introducing three distinct square roots of
minus one, which satisfy i2 = j2 = k2 = ijk = −1.
It is said that these equations occurred to him while
walking along the Royal Canal in Dublin with his wife,
on 16 October 1843, and he promptly carved the
equations into the side of Broome bridge. Although
there is no longer any evidence of the carving, there is
now a stone plaque on the bridge commemorating the
discovery and displaying the quaternion equations.
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During the evolution of this dynamical system, the value of the Hamiltonian H is
constant, as is easily seen by differentiation

dH

dτ
=

∑
i

{
∂H

∂zi

dzi

dτ
+

∂H

∂ri

dri

dτ

}
=

∑
i

{
∂H

∂zi

∂H

∂ri
− ∂H

∂ri

∂H

∂zi

}
= 0. (11.60)

A second important property of Hamiltonian dynamical systems, known as Li-
ouville’s Theorem, is that they preserve volume in phase space. In other words, if
we consider a region within the space of variables (z, r), then as this region evolves
under the equations of Hamiltonian dynamics, its shape may change but its volume
will not. This can be seen by noting that the flow field (rate of change of location in
phase space) is given by

V =
(

dz
dτ

,
dr
dτ

)
(11.61)

and that the divergence of this field vanishes

div V =
∑

i

{
∂

∂zi

dzi

dτ
+

∂

∂ri

dri

dτ

}
=

∑
i

{
− ∂

∂zi

∂H

∂ri
+

∂

∂ri

∂H

∂zi

}
= 0. (11.62)

Now consider the joint distribution over phase space whose total energy is the
Hamiltonian, i.e., the distribution given by

p(z, r) =
1

ZH
exp(−H(z, r)). (11.63)

Using the two results of conservation of volume and conservation of H , it follows
that the Hamiltonian dynamics will leave p(z, r) invariant. This can be seen by
considering a small region of phase space over which H is approximately constant.
If we follow the evolution of the Hamiltonian equations for a finite time, then the
volume of this region will remain unchanged as will the value of H in this region, and
hence the probability density, which is a function only of H , will also be unchanged.

Although H is invariant, the values of z and r will vary, and so by integrating
the Hamiltonian dynamics over a finite time duration it becomes possible to make
large changes to z in a systematic way that avoids random walk behaviour.

Evolution under the Hamiltonian dynamics will not, however, sample ergodi-
cally from p(z, r) because the value of H is constant. In order to arrive at an ergodic
sampling scheme, we can introduce additional moves in phase space that change
the value of H while also leaving the distribution p(z, r) invariant. The simplest
way to achieve this is to replace the value of r with one drawn from its distribution
conditioned on z. This can be regarded as a Gibbs sampling step, and hence from
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Section 11.3 we see that this also leaves the desired distribution invariant. Noting
that z and r are independent in the distribution p(z, r), we see that the conditional
distribution p(r|z) is a Gaussian from which it is straightforward to sample.Exercise 11.16

In a practical application of this approach, we have to address the problem of
performing a numerical integration of the Hamiltonian equations. This will neces-
sarily introduce numerical errors and so we should devise a scheme that minimizes
the impact of such errors. In fact, it turns out that integration schemes can be devised
for which Liouville’s theorem still holds exactly. This property will be important in
the hybrid Monte Carlo algorithm, which is discussed in Section 11.5.2. One scheme
for achieving this is called the leapfrog discretization and involves alternately updat-
ing discrete-time approximations ẑ and r̂ to the position and momentum variables
using

r̂i(τ + ε/2) = r̂i(τ) − ε

2
∂E

∂zi
(ẑ(τ)) (11.64)

ẑi(τ + ε) = ẑi(τ) + εr̂i(τ + ε/2) (11.65)

r̂i(τ + ε) = r̂i(τ + ε/2) − ε

2
∂E

∂zi
(ẑ(τ + ε)). (11.66)

We see that this takes the form of a half-step update of the momentum variables with
step size ε/2, followed by a full-step update of the position variables with step size ε,
followed by a second half-step update of the momentum variables. If several leapfrog
steps are applied in succession, it can be seen that half-step updates to the momentum
variables can be combined into full-step updates with step size ε. The successive
updates to position and momentum variables then leapfrog over each other. In order
to advance the dynamics by a time interval τ , we need to take τ/ε steps. The error
involved in the discretized approximation to the continuous time dynamics will go to
zero, assuming a smooth function E(z), in the limit ε → 0. However, for a nonzero
ε as used in practice, some residual error will remain. We shall see in Section 11.5.2
how the effects of such errors can be eliminated in the hybrid Monte Carlo algorithm.

In summary then, the Hamiltonian dynamical approach involves alternating be-
tween a series of leapfrog updates and a resampling of the momentum variables from
their marginal distribution.

Note that the Hamiltonian dynamics method, unlike the basic Metropolis algo-
rithm, is able to make use of information about the gradient of the log probability
distribution as well as about the distribution itself. An analogous situation is familiar
from the domain of function optimization. In most cases where gradient informa-
tion is available, it is highly advantageous to make use of it. Informally, this follows
from the fact that in a space of dimension D, the additional computational cost of
evaluating a gradient compared with evaluating the function itself will typically be a
fixed factor independent of D, whereas the D-dimensional gradient vector conveys
D pieces of information compared with the one piece of information given by the
function itself.
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11.5.2 Hybrid Monte Carlo
As we discussed in the previous section, for a nonzero step size ε, the discretiza-

tion of the leapfrog algorithm will introduce errors into the integration of the Hamil-
tonian dynamical equations. Hybrid Monte Carlo (Duane et al., 1987; Neal, 1996)
combines Hamiltonian dynamics with the Metropolis algorithm and thereby removes
any bias associated with the discretization.

Specifically, the algorithm uses a Markov chain consisting of alternate stochastic
updates of the momentum variable r and Hamiltonian dynamical updates using the
leapfrog algorithm. After each application of the leapfrog algorithm, the resulting
candidate state is accepted or rejected according to the Metropolis criterion based
on the value of the Hamiltonian H . Thus if (z, r) is the initial state and (z�, r�)
is the state after the leapfrog integration, then this candidate state is accepted with
probability

min (1, exp{H(z, r) − H(z�, r�)}) . (11.67)

If the leapfrog integration were to simulate the Hamiltonian dynamics perfectly,
then every such candidate step would automatically be accepted because the value
of H would be unchanged. Due to numerical errors, the value of H may sometimes
decrease, and we would like the Metropolis criterion to remove any bias due to this
effect and ensure that the resulting samples are indeed drawn from the required dis-
tribution. In order for this to be the case, we need to ensure that the update equations
corresponding to the leapfrog integration satisfy detailed balance (11.40). This is
easily achieved by modifying the leapfrog scheme as follows.

Before the start of each leapfrog integration sequence, we choose at random,
with equal probability, whether to integrate forwards in time (using step size ε) or
backwards in time (using step size −ε). We first note that the leapfrog integration
scheme (11.64), (11.65), and (11.66) is time-reversible, so that integration for L steps
using step size −ε will exactly undo the effect of integration for L steps using step
size ε. Next we show that the leapfrog integration preserves phase-space volume
exactly. This follows from the fact that each step in the leapfrog scheme updates
either a zi variable or an ri variable by an amount that is a function only of the other
variable. As shown in Figure 11.14, this has the effect of shearing a region of phase
space while not altering its volume.

Finally, we use these results to show that detailed balance holds. Consider a
small region R of phase space that, under a sequence of L leapfrog iterations of
step size ε, maps to a region R′. Using conservation of volume under the leapfrog
iteration, we see that if R has volume δV then so too will R′. If we choose an initial
point from the distribution (11.63) and then update it using L leapfrog interactions,
the probability of the transition going from R to R′ is given by

1
ZH

exp(−H(R))δV
1
2

min {1, exp(−H(R) + H(R′))} . (11.68)

where the factor of 1/2 arises from the probability of choosing to integrate with a
positive step size rather than a negative one. Similarly, the probability of starting in
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ri

zi

r′i

z′i

Figure 11.14 Each step of the leapfrog algorithm (11.64)–(11.66) modifies either a position variable zi or a
momentum variable ri. Because the change to one variable is a function only of the other, any region in phase
space will be sheared without change of volume.

region R′ and integrating backwards in time to end up in region R is given by

1
ZH

exp(−H(R′))δV
1
2

min {1, exp(−H(R′) + H(R))} . (11.69)

It is easily seen that the two probabilities (11.68) and (11.69) are equal, and hence
detailed balance holds. Note that this proof ignores any overlap between the regionsExercise 11.17
R and R′ but is easily generalized to allow for such overlap.

It is not difficult to construct examples for which the leapfrog algorithm returns
to its starting position after a finite number of iterations. In such cases, the random
replacement of the momentum values before each leapfrog integration will not be
sufficient to ensure ergodicity because the position variables will never be updated.
Such phenomena are easily avoided by choosing the magnitude of the step size at
random from some small interval, before each leapfrog integration.

We can gain some insight into the behaviour of the hybrid Monte Carlo algo-
rithm by considering its application to a multivariate Gaussian. For convenience,
consider a Gaussian distribution p(z) with independent components, for which the
Hamiltonian is given by

H(z, r) =
1
2

∑
i

1
σ2

i

z2
i +

1
2

∑
i

r2
i . (11.70)

Our conclusions will be equally valid for a Gaussian distribution having correlated
components because the hybrid Monte Carlo algorithm exhibits rotational isotropy.
During the leapfrog integration, each pair of phase-space variables zi, ri evolves in-
dependently. However, the acceptance or rejection of the candidate point is based
on the value of H , which depends on the values of all of the variables. Thus, a
significant integration error in any one of the variables could lead to a high prob-
ability of rejection. In order that the discrete leapfrog integration be a reasonably
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good approximation to the true continuous-time dynamics, it is necessary for the
leapfrog integration scale ε to be smaller than the shortest length-scale over which
the potential is varying significantly. This is governed by the smallest value of σi,
which we denote by σmin. Recall that the goal of the leapfrog integration in hybrid
Monte Carlo is to move a substantial distance through phase space to a new state
that is relatively independent of the initial state and still achieve a high probability of
acceptance. In order to achieve this, the leapfrog integration must be continued for a
number of iterations of order σmax/σmin.

By contrast, consider the behaviour of a simple Metropolis algorithm with an
isotropic Gaussian proposal distribution of variance s2, considered earlier. In order
to avoid high rejection rates, the value of s must be of order σmin. The exploration of
state space then proceeds by a random walk and takes of order (σmax/σmin)2 steps
to arrive at a roughly independent state.

11.6. Estimating the Partition Function

As we have seen, most of the sampling algorithms considered in this chapter re-
quire only the functional form of the probability distribution up to a multiplicative
constant. Thus if we write

pE(z) =
1

ZE
exp(−E(z)) (11.71)

then the value of the normalization constant ZE , also known as the partition func-
tion, is not needed in order to draw samples from p(z). However, knowledge of the
value of ZE can be useful for Bayesian model comparison since it represents the
model evidence (i.e., the probability of the observed data given the model), and so
it is of interest to consider how its value might be obtained. We assume that direct
evaluation by summing, or integrating, the function exp(−E(z)) over the state space
of z is intractable.

For model comparison, it is actually the ratio of the partition functions for two
models that is required. Multiplication of this ratio by the ratio of prior probabilities
gives the ratio of posterior probabilities, which can then be used for model selection
or model averaging.

One way to estimate a ratio of partition functions is to use importance sampling
from a distribution with energy function G(z)

ZE

ZG
=

∑
z exp(−E(z))∑
z exp(−G(z))

=
∑

z exp(−E(z) + G(z)) exp(−G(z))∑
z exp(−G(z))

= EG(z)[exp(−E + G)]

�
∑

l

exp(−E(z(l)) + G(z(l))) (11.72)
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where {z(l)} are samples drawn from the distribution defined by pG(z). If the dis-
tribution pG is one for which the partition function can be evaluated analytically, for
example a Gaussian, then the absolute value of ZE can be obtained.

This approach will only yield accurate results if the importance sampling distri-
bution pG is closely matched to the distribution pE , so that the ratio pE/pG does not
have wide variations. In practice, suitable analytically specified importance sampling
distributions cannot readily be found for the kinds of complex models considered in
this book.

An alternative approach is therefore to use the samples obtained from a Markov
chain to define the importance-sampling distribution. If the transition probability for
the Markov chain is given by T (z, z′), and the sample set is given by z(1), . . . , z(L),
then the sampling distribution can be written as

1
ZG

exp (−G(z)) =
L∑

l=1

T (z(l), z) (11.73)

which can be used directly in (11.72).
Methods for estimating the ratio of two partition functions require for their suc-

cess that the two corresponding distributions be reasonably closely matched. This is
especially problematic if we wish to find the absolute value of the partition function
for a complex distribution because it is only for relatively simple distributions that
the partition function can be evaluated directly, and so attempting to estimate the
ratio of partition functions directly is unlikely to be successful. This problem can be
tackled using a technique known as chaining (Neal, 1993; Barber and Bishop, 1997),
which involves introducing a succession of intermediate distributions p2, . . . , pM−1

that interpolate between a simple distribution p1(z) for which we can evaluate the
normalization coefficient Z1 and the desired complex distribution pM (z). We then
have

ZM

Z1

=
Z2

Z1

Z3

Z2

· · · ZM

ZM−1

(11.74)

in which the intermediate ratios can be determined using Monte Carlo methods as
discussed above. One way to construct such a sequence of intermediate systems
is to use an energy function containing a continuous parameter 0 � α � 1 that
interpolates between the two distributions

Eα(z) = (1 − α)E1(z) + αEM (z). (11.75)

If the intermediate ratios in (11.74) are to be found using Monte Carlo, it may be
more efficient to use a single Markov chain run than to restart the Markov chain for
each ratio. In this case, the Markov chain is run initially for the system p1 and then
after some suitable number of steps moves on to the next distribution in the sequence.
Note, however, that the system must remain close to the equilibrium distribution at
each stage.
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Exercises
11.1 (�) www Show that the finite sample estimator f̂ defined by (11.2) has mean

equal to E[f ] and variance given by (11.3).

11.2 (�) Suppose that z is a random variable with uniform distribution over (0, 1) and
that we transform z using y = h−1(z) where h(y) is given by (11.6). Show that y
has the distribution p(y).

11.3 (�) Given a random variable z that is uniformly distributed over (0, 1), find a trans-
formation y = f(z) such that y has a Cauchy distribution given by (11.8).

11.4 (� �) Suppose that z1 and z2 are uniformly distributed over the unit circle, as
shown in Figure 11.3, and that we make the change of variables given by (11.10)
and (11.11). Show that (y1, y2) will be distributed according to (11.12).

11.5 (�) www Let z be a D-dimensional random variable having a Gaussian distribu-
tion with zero mean and unit covariance matrix, and suppose that the positive definite
symmetric matrix Σ has the Cholesky decomposition Σ = LLT where L is a lower-
triangular matrix (i.e., one with zeros above the leading diagonal). Show that the
variable y = µ + Lz has a Gaussian distribution with mean µ and covariance Σ.
This provides a technique for generating samples from a general multivariate Gaus-
sian using samples from a univariate Gaussian having zero mean and unit variance.

11.6 (� �) www In this exercise, we show more carefully that rejection sampling does
indeed draw samples from the desired distribution p(z). Suppose the proposal dis-
tribution is q(z) and show that the probability of a sample value z being accepted is
given by p̃(z)/kq(z) where p̃ is any unnormalized distribution that is proportional to
p(z), and the constant k is set to the smallest value that ensures kq(z) � p̃(z) for all
values of z. Note that the probability of drawing a value z is given by the probability
of drawing that value from q(z) times the probability of accepting that value given
that it has been drawn. Make use of this, along with the sum and product rules of
probability, to write down the normalized form for the distribution over z, and show
that it equals p(z).

11.7 (�) Suppose that z has a uniform distribution over the interval [0, 1]. Show that the
variable y = b tan z + c has a Cauchy distribution given by (11.16).

11.8 (� �) Determine expressions for the coefficients ki in the envelope distribution
(11.17) for adaptive rejection sampling using the requirements of continuity and nor-
malization.

11.9 (� �) By making use of the technique discussed in Section 11.1.1 for sampling
from a single exponential distribution, devise an algorithm for sampling from the
piecewise exponential distribution defined by (11.17).

11.10 (�) Show that the simple random walk over the integers defined by (11.34), (11.35),
and (11.36) has the property that E[(z(τ))2] = E[(z(τ−1))2] + 1/2 and hence by
induction that E[(z(τ))2] = τ/2.
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Figure 11.15 A probability distribution over two variables z1

and z2 that is uniform over the shaded regions
and that is zero everywhere else.

z1

z2

11.11 (� �) www Show that the Gibbs sampling algorithm, discussed in Section 11.3,
satisfies detailed balance as defined by (11.40).

11.12 (�) Consider the distribution shown in Figure 11.15. Discuss whether the standard
Gibbs sampling procedure for this distribution is ergodic, and therefore whether it
would sample correctly from this distribution

11.13 (� �) Consider the simple 3-node graph shown in Figure 11.16 in which the observed
node x is given by a Gaussian distribution N (x|µ, τ−1) with mean µ and precision
τ . Suppose that the marginal distributions over the mean and precision are given
by N (µ|µ0, s0) and Gam(τ |a, b), where Gam(·|·, ·) denotes a gamma distribution.
Write down expressions for the conditional distributions p(µ|x, τ) and p(τ |x, µ) that
would be required in order to apply Gibbs sampling to the posterior distribution
p(µ, τ |x).

11.14 (�) Verify that the over-relaxation update (11.50), in which zi has mean µi and
variance σi, and where ν has zero mean and unit variance, gives a value z′i with
mean µi and variance σ2

i .

11.15 (�) www Using (11.56) and (11.57), show that the Hamiltonian equation (11.58)
is equivalent to (11.53). Similarly, using (11.57) show that (11.59) is equivalent to
(11.55).

11.16 (�) By making use of (11.56), (11.57), and (11.63), show that the conditional dis-
tribution p(r|z) is a Gaussian.

Figure 11.16 A graph involving an observed Gaussian variable x with
prior distributions over its mean µ and precision τ .

µ τ

x
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11.17 (�) www Verify that the two probabilities (11.68) and (11.69) are equal, and hence
that detailed balance holds for the hybrid Monte Carlo algorithm.




